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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION*

PAUL J. LANZKRONt, DONALD J. ROSE, AND JAMES T. WILKES

Abstract. We present a method for solving systems of nonlinear equations suitable for problems where conver-
gence of an approximate Newton method is initially slow. The method, nonlinear elimination (NIEm), eliminates the
nonlinear equations and appropriate variables deemed to be causing the problem. An analysis of the method is given
and leads to a detailed algorithm that reduces automatically to an approximate Newton method near the root of the
system of nonlinear equations. Several examples are given that demonstrate the efficacy of the method.
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1. Introduction. We consider the numerical solution of a system of nonlinear equations

(1.1) g(w) =0,

where g (gl, g2 gn)T and w (Wl, w2 Wn) T. Generically we consider the
methodology of 1] and the analytic framework presented there. This setting ensures that for
any w0 in some set S, a sequence of iterates wk will converge to w* S and g(w*) 0. The
iterates are defined as

(1.2) Wk+l w + tx,

where x approximates zk in

(1.3) gz =-g,

g, gtt (wk), and g g(wt), and t (0, 1] is chosen to force

(1.4) Ilg+lll < 011gkll

for some 0 < 0 < 1. The sense in which x approximates z of (1.3) is measured by

(1.5)

and all ot < c0 < suffices for convergence (for some sequence of t). We call this
algorithmic approach GAN, for global approximate Newton, "global" referring to the set S
which can be ]R under appropriate conditions.

Such variations ofNewton’s method have beenused successfully in significant technology
areas including circuit and device simulation [2, 5]. The trick in any of these applications is in
picking an "inner" solver for (1.3) to make otk --+ 0 and t --+ 1 to ensure (1.4) and superlinear
convergence. This can be particularly challenging in practice since we often cannot be sure a
priori that the sufficient convergence conditions are satisfied, nor can we wait for k --+ cxz.

The use of nonlinear elimination (N1Em, en-lem) is motivated by problems in which
convergence seems to be interminably tedious and yet there is no evidence of ill conditioning
(or singularity). This leads us to believe that the nonlinearities in g are unbalanced, by which
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 539

we mean some "subfunction" gl (u, V) regarded as a function ofu given v causes tk to be small.
We propose to eliminate g as an inner iteration.

Consider g(w) to be partitioned as

g(1/9) (gl(U, V), g2(u, 1))) T,
(1.6) w (u, v)r.

This leads to a block Jacobian

(1.7) g,(u v) [ gll(U, V) g12(u, v) ]gZl(U, V) gZZ(U, V)

where gij (u 1)) o_N_ (u 1)). For conciseness we write gij =- gij (u, v).Ogj
For smooth gl (/,t, 1)) the solvability of gl (/, v) 0 for l) in an appropriate set leads to an

implicit function h(v) such that

(1.8) gl(h(v), v) 0.

Differentiating (1.8) as a function of v leads to

(1.9) gllh’(v) -+- g12 0,

and if g11 (h (v), v) is nonsingular, then

(1.10) h’(v) --gi-llgl2

Indeed the operational equation (1.10) and the existence of the unique mapping h (v) consti-
tute the essence of the implicit function theorem, see [12, Thm. 5.2.4], which requires the
nonsingularity of gl 1.

Assuming that u h(v) exists on an appropriate set, we attempt to solve equation (1.1),
which can be rewritten as

(1.11) f(v) =0,

where f(v) =- g2(h(v), v) for v using GAN. To use GAN we must compute the Jacobian
f’(v); differentiating (1.11) yields

(1.12) f’(v) g21h’(v) + g22,

where g21, g22 are evaluated at (h(v), v). Making the substitution (1.10), we obtain

(1.13) f’(v) gEE gElg-{11g12

and we recognize the right-hand side of (1.13) as a Schur complement. More precisely we see
that the Newton direction equation associated with (1.11), namely,

(1.14) f’(v)Av --f(v),

can be embedded into the larger matrix equation

(115) [gll g12 ][ Au ]g21 g22 Av --g2

where all functions are evaluated at (h(v), v) and gl(h(v), v) 0. Equation (1.14) arises
from block Gaussian elimination on (1.15) as indicated by (1.13). This is computationally
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540 V.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

attractive since nonlinear elimination leads to the same algebra as GAN on the whole system,
but now applied at the point (h(v), v). To summarize there are two nonlinear solve processes:
an "inner" equation solve to evaluate h(v) from (1.8) and an "outer" Newton iteration to
solve (1.11) via (1.15). When h(v) is evaluated "exactly," i.e., gl (h(v), v) 0, then we show
(Theorem 4.2) that the outer GAN (1.15) converges quadratically to the solution gE(h(v), v)
0 as expected.

Note that when a sparse matrix package can be used for GAN, it is also applicable for
N1Em. That is, starting at the point (h(v), v), both N1Em and GAN would need to solve the
system (1.15). It is unimportant that the variables be ordered so that the Au variables are first.
In fact it is easy to imagine cases where such an ordering would lead to significant fill. After
the linear system is solved the Av variables can be gathered easily.

Many investigators have studied nonlinear elimination for particular applications. We
discuss two of these applications here. The first is macromodeling circuits. A circuit can
be thought of as a k-terminal device. In modeling the circuit the user wishes to know how
changing the voltage at some of the input terminals affects the voltage at other terminals. The
number of unknowns for the system is then k plus the number of internal unknowns in the
device. In [6] the authors show how to eliminate the internal unknowns from the system of
nonlinear equations that must be solved at each time step. More recent work on applying
N1Em to circuit simulation is reported in 13].

A second widely used, although only tangentially connected, application of nonlinear
elimination is in nonlinear least squares. Consider the problem of finding (u, v) such that

(1.16) IlY g(u, v)l12

is minimized, where y 1R x is a set ofobservations and g ]Rp --, 1Rn is nonlinear. Consider
the case where

(117) g(uv)=_l(v)u=[g11(v) ]gZl(V) U.

When v is fixed in equation (1.17), equation (1.16) turns into a linear least squares problem.
The problem given in (1.16) may then be rewritten as

(1.18) min IIY g(h(v), v)l12,

where

(1.19) h(v) (l(v) r/(U)) -1 l(v) y.

We have assumed, as in [10], that l(v) has full column rank. The case when l(v) does not have
full column rank is handled in [7, 8]. The difference between this approach and our approach is
that we eliminate variables and equations so that f(v) is still a system ofp nonlinear equations
in p unknowns.

Nonlinear elimination arises naturally in constrained optimization and can be viewed in
the context of Lagrange multipliers. Most authors do not choose such an exposition; see [3,
p. 141] for a related discussion. We remark also that Brown’s method [4] can be regarded as
a specialization of nonlinear elimination as discussed in 12, NR 7.14-15, pp. 227-229].

This paper is organized as follows. In 2 the N1Emalgorithm is presented along with
a simple example. Sections 3-5 contain an analysis of the whole procedure, presented as
constructively as possible. Since we suggest that N1Em can be part of a general algorithmic
strategy for solving nonlinear systems, this analysis presents conditions that ensure conver-
gence in a way that is compatible with the theory presented in 1]. Section 4 discusses the
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 541

Input: w0 (u0, v0) and g.
1. Choose gl equations splitting g(w) into gl (u, V) and g2(u,

By gl (u, v) we mean that if gl ]n j, then u J.
2. Given the initial v0, solve gl (h(vo), v0) 0 for h(vo).
3. k--0
4. repeat until convergence
5. Solve

g11 g12 l[ Attk ]_ I --gl ]g21 g22 J Ark --g2

with gll, g12, g21, g22, and g2 evaluated at (h(vk), Vk).

Find tk (0, 1] such that
IIg(h(vg + tkAVk), V + tgmvg)ll < OIIg(h(v), v)ll

Note: a solve for u h(vk / tkAv) of
gl(U, Vk d- tkAVk) 0
is required for every tg.

Vk+ Vk + tgAvg
Note: h(Vk+l) is implicitly determined in step 6.

Fro. 1. Outline ofthe NlEm algorithm.

case when (1.8) is solved exactly and 5 discusses how accurately (1.8) must be solved to
retain the higher-order convergence of Newton’s method. The analysis in 5 leads to a refined
algorithm in 6 that tmifies N1Em and GAN into a single methodology. Section 7 contains
several computed examples.

2. Implementation overview. In this section we give a brief overview of how to imple-
ment the N1Em algorithm along with an illustrative example. In 6, a detailed algorithm is
presented that unifies GAN and NIEm.

2.1. NIEm algorithm. The outline of the algorithm is given in Figure 1.
Often the hardest part of the implementation is in step 1, since determining the set of

equations that belong in g is usually problem dependent. Once the set is chosen the solve in
step 2 moves the initial point (u0, v0) to a new point in the domain (h(vo), vo). There may be
an increase in the overall norm of g at this new point; i.e.,

(2.1) IIg(h(o0), v0)ll > IIg(u0, 0)11.

However, the norm of g decreases monotonically thereafter under appropriate conditions.
There are times when the set ofg equations may be changed dynamically after the algorithm
has been started. However, arbitrarily changing the set of equations represented by g could
lead to thrashing (i.e., the norm of g goes down for a while, but the g equations are changed
causing g to be as large or larger than previously).

The computation in step 6 implicitly requires a solve of the g equation. That is, to
compute h (vk + tkAVk) the g equation must be solved. Step 6 is potentially expensive, since
every new choice of tk requires a solve of the g equations. Note that in step 6 we are trying
to make the overall norm of g go down. This is necessary since g 0 in practice. When
gl 0 we only have an approximation to h(v), say/t(v). Thus, g2(h(v), v) is approximated
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542 E J. LANZKRON, D. J. ROSE, AND J. T. WILKES
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FIG. 2. Convergence ofGAN overlaid on log(llfll -t- 1).

by g2(/(V), V). A decrease in Ilg2((v), v)ll does not imply that ]]g2(h(v), v)]l has decreased;
see 5. Therefore, we enforce norm reduction on all of g.

2.2. A simple illustrative example. We believe N1Em will be helpful when the system
of equations has some badly scaled components. The poor scaling is not in terms of normal
linear misscaling, rather it is due to the nonlinearity of the problem. In this section, we present
a simple example demonstrating how N1Em helps.

Consider the system f of two equations given by

f (u, v) (u 1)7) -- 113
(2.2) fz(u, v) (u +,v) + 1.

When viewed in terms of norms the curve u 117 v is close to the bottom of a very steep
valley. A GAN iterate in the valley causes the Newton direction to point tangent to the valley.
Since the valley curves and the Newton direction points in a direction nearly tangent to the
bottom of the valley, only small values of the damping parameter can be chosen; larger values
give an increase in Ilgll. In Figure 2 the starting point (-17.085938,-1.5) leads the GAN
iterates into the steep curved valley. GAN takes 32 steps to converge to the solution (0, 1).

To use N1Em we must first decide on the equation to eliminate. For this problem it is
clear that the first equation is causing the difficulties; that is, movement away from the curve
u 117 causes a large increase in the norm of the system. This is not true for the second
equation. Having decided on the equation to eliminate, we must then decide on the variable to
be eliminated with it; in this case we choose to eliminate the u variable. In realistic problems
the variable eliminated will be more obvious. For a given v we will solve for a u such that
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 543
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FIG. 3. Convergence ofNIEm overlaid on log(llfll + 1).

gl (u, v) 0. Solving for u in the first equation means that u h(v) 1)7 V. The eliminated
system, gz(h(v), v) v7/5 q- 1, is a much simpler problem to solve. In Figure 3 we see that
the number of N1Em iterations from the same starting point drops to three.

3. Preliminaries. Recall that our objective is to solve (1.11) using Newton’s method.
This section givesa review of the GAN convergence theory and provides results used in later
sections.

3.1. Analysis of GAN. The following analysis of GAN is derived from [1]. Let gk -=-
g(wk) with w0 some initial guess for the solution. There are three basic assumptions used to
prove convergence of GAN.

Assumption A1. The closed level set

(3.1) So- {w IIg(w)ll < Ilgoll}

is bounded.
The following assumption is equivalent to Assumption A2 presented in 1].
Assumption A2. g is differentiable, the Jacobian g’ (w) is continuous and nonsingular on

So, and the sequence IIx is uniformly bounded, i.e.,

(3.2) IIx < ka Iig

for kl >_ 0 and w E So.
Assumption A3. The Jacobian g’ is Lipschitz; i.e.,

(3.3) IIg’(y) g’(z)ll < k211y
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544 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

for

(3.4) y, z S1 {y Ilyll sup Ilzll + kxllg011}.
zSo

To continue the analysis of GAN we define the quantities

(3.5)

where we have assumed gk O. The quantity Ok defines the relative size ofthe linear residual.
Following the analysis of 1], the mean value theorem yields

(3.6) gg+l gk + fo g’(Wk -t- StkXk)(Wk+l Wk)dS.

Adding and subtracting g’k(Wk+l Wk) on the right-hand side yields

(3.7) gg+ gk d- gk(Wk+l Wk) -I- [gZ(Wk at- StkXk) gtk] (Wk+l Wk)dS.

Recalling that Wk+l Wk "1- tkXk we have

(3.8) gk+l (1 tk)gk + tkAllgkll + tBkllgll.
And finally taking norms we are left with

(3.9)

Under Assumptions A1-A3,/k can be shown to be bounded, fit _< k2k2/2. It is usually
possible to control the size of tk by computing xg more accurately. This is the case when
an iterative method is being used to solve the Newton equations. It is clear from (3.9) that if

oek < 1 then there exists a t, such that Ilg/lll < IIgll.
Convergence of GAN is given by the following proposition and theorem.
PROPOSITION 3.1 (see 1]). Assume that Al-A3 hold and that all < o. Ift is chosen

appropriately, then
1. all Wk So, the sequence gk is strictly decreasing, and Ilgk 0; furthermore,
2. Ilgk+lll/llgll 0 iffa -+ 0 andfor anyfixed p (0, 1],

(3.10) IIg+lll clllgll x+p,

(3.11) < c2llgll p

for positive constants c and c2.
THEOREM 3.2 (see 1]). Under the conditions ofProposition 3.1,
1. there exists a w* So with w* lim wk and g(w*) 0;
2. on So the convergence of {w} to w* is superlinear or Q-order (p + 1) ifot - 0 or

otk < C2 ]]gk p, respectively.
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 545

3.2. Additional results. We conclude this section with results that will be used in sub-
sequent sections.

PROPOSITION 3.3. Assume that GANstartingfrom wo is convergent to w* with g(w*) O.
Letllg’-l(w)ll < M,foru So, andllgi+lll < OIIgillforeveryi, where gi =_ g(wi)andO < 1.
Then

1
(3.12) IIw0- u:*ll MIIg(wo)ll.

1-0

Proof. Since GAN is assumed to be convergent, we know that 1/) S0 for all i. Thus.

ti A ll)i

0

MIIg(wo)ll. U]

The proofs in this paper are complicated somewhat by the changes in sizes of norms.
We will address this problem by restricting the matrix norms we consider to p-norms. These
norms have the following properties.

Property P1. Let u m, and v [0, 0 0, u]r n; then

(3.13) Ilull

For example,

(3.14) u lip w/ w/ + 0p o lip.
i=1 i=1 i=m+l

Note that (3.13) holds however the elements of u are distributed in v.
Property P2. Let u m, v [u, 0, 0 0]r n and w [u, y]r n; then

(3.15) Ilvllp Ilwllp.

The following lemma can easily be verified to show that Properties P1 and P2 carry
through to matrices.

LEMMA 3.4. Let A Jk, j, k < n; then

B C ,nxn.where o m
We will refer to (3.13) as Property P1, and (3.15) as Property P2 without distinguishing

between matrices and vectors.
LEMMA 3.5. Let the nonsingular A ]nxn be partitioned as

All A12 ]A21 A22
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546 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

with A 11 IJ J and nonsingular. If A- ill < k andproperties P1 and P2 holdfor II, then

(3.16) ]](Azz A21A-{11A1z)-III < k.

Proof

IIA-(3.17) < k. q

o ](A22 Azl A-{ll A I2) -1

PROPOSITION 3.6. Ifg is Lipschitz on a bounded set S, then Ilgll is bounded.
Proof Since S is bounded, there exists k + such that w y _< k for all w, y S.

Let wo be a particular member of S with g(wo)II C. Then, forany w 6 S, we have

(3.18) IIg(w)ll IIg(w) g(wo)ll + IIg(wo)ll tllw woll + C tk + C,

where L is the Lipschitz constant. [3

PROPOSITION 3.7. Let M(w) ]lnxn with M(w) Lipschitz on some convex set with
Lipschitz constant ko. IfM(w) is partitioned as

(3.19) [ M11(t) M12(w) 1M21 (to) M22(w)

with Mll(W) jxj and IlMi-]l(w)l[ k, then the Schur complement of M(w) is also
Lipschitz with Lipschitz constant

(3.20) ko(1 + klk2)2,

where IIM(w)ll k2.
Proof Applying Proposition 3.6 gives us [IM(w)II k2. Using Properties P1 and P2, we

know that IIMi2 _< k2 for i, j 1, 2. Let A M(Wl) and B _= M(w2).

(A22 a21a-{llal2) (B22 n21n-lnl2)II
_< A22 B22

+[[B21BllB12 B21Bf11A12 + B21BllA12 A21A-f(A1211
_< ko[[x y -[- B21B (B12 A12) -+- (B21B A21A-I1) A12[[
_< kolix

q-I[ (B21B A21B] + A21B A21A]-I1) A12[[
_< kollx yll / k2klkollx Yll

/kzll (n21 A21) B]II] + kzllA=a (ni] A]-I)
< kollx Yll + k2klkollx YI] + k2klkollx YII
/ kllnXllllA-{llll (nll All)II

2 2< kollx Yll
(3.21) ko(1 + kk2)211x YII.

4. Exact NIEm. The exact N1Em algorithm is Newton’s method applied to the equation

(4.1) f(v) =-- g2(h(v), v) O.
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 547

To show that the algorithm converges, we need to show that, under appropriate conditions, h (v)
exists and that the basic Assumptions A1-A3 hold on the function f (v). These assumptions
and making ok --+ 0 ensure that Proposition 3.1 and Theorem 3.2 hold.

First, assume that GAN is convergent on g and that from any point (u, v) in a given set,
GAN converges on gl giving gl (t, V) 0 where t h(v). For clarity sake, let So(g) be the
set So given in (3.1) and let Sl(g) be the set $1 given in (3.4). Because of the partitioning of
g, projections of sets are needed. In particular, let

(4.2) S(g)- {1)] (u, u) ( Sl(g) l) n,-j}.

The following assumptions are required for proof of the convergence ofGAN applied to (4.1).
Assumption A1 remains unchanged and for Assumption A2 we make the stronger restric-

tion that IIg’-’ _< kl over So(g). Assumption A3 is modified below.
Assumption A4. Let

(4.3) I1111 max Ilgl(w)ll;
weSi(g)

then the set

(4.4) S0(gl)- {(u, y) ly e S21(g) and ]]gl(u, v)ll [lll]}

is bounded.
Assumption A5. The function g is differentiable and gll is continuous and nonsingular

on S0(gl), and

(4.5) Ilg]-11(to)ll k5, to E S0(gl).

Since convergence of the g system is required only on the projection of S0(gl), i.e.,
g (u, v) 0 is solved with v fixed; the projection sets of So(g) are defined as

(4.6) S(gl)- {u (u, v) e S0(g), u e J},
(4.7) S02(gl)- {v (u u) e S0(gl), o e ]ln-J}.

This leads to a modification of Assumption A3 given previously.
Assumption A3. The Jacobian g1 is Lipschitz with Lipschitz constant k2 on

(4.8) Sl(gl) {(u, u) u S(gl) and Ilull max Ilwll + kllffll},
oS(g)

where 111 is defined as before.
The sets S0(g), S (g), S0(g), and S1 (gl) are illustrated in two dimensions in Figure 4; the

u-axis is horizontal and the v-axis is vertical. Note that So(g) need not be connected. Under
Assumptions Al-A5, there is a root of g in both of the disconnected regions. The sets $1 (g)
and Sl(gl) are both convex, but the set Sl(gl) has a capsule shape because it is stretched in
the direction of the eliminated variable.

These sets come into play during various phases of the solution algorithm. Initially wk
is in So(g). The approximate Newton direction is computed and a potential W+l produced.
The potential W+l w + txk may be outside So(g), but is within Sl(g) (of course, when
the final W+l is determined it must be in So(g)). At this point in the algorithm, a root u is
sought for gl (u, V) from a starting point in Sl(g). This root will be somewhere in S0(gl).
The Newton method used to find that root may generate points in Sl(gl) (in the same way as

w + tixi may be outside of So(g)).
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548 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

SO(g) Sl(g) SO(gl) Sl(gl)

FIG. 4. Illustration ofthe sets So(g), Sl(g), SO(gl), and Sl(gl) in two dimensions.

that
LEMMA 4.1. Consider Assumptions A3-A5. For v S21(g), there is a u S(gl) such

(4.9) gl(u, v) 0.

Thus, h(v) existsfor v S(g) and

(4.10) h’(v) -g-{11(h(v), v)g12(h(v), v).

Proof Let

(4.11) IIg’(wx) g’(w2)ll /211w1 wzll

hold for satisfying Properties P1 and P2. Let//31 (U 1, V) and//32 (U2, V). It follows
that

(4.12) Ilgll(Wl) gll(W2)ll k2llUl uzll.

Assumptions A4 and A5 and (4.12) represent the conditions for Proposition 3.1 and Theorem
3.2 to hold. Thus gx (u, v) has a root for fixed v 6 S(g). The remainder ofthe lemma follows
from the implicit function theorem.

THEOREM 4.2. Consider Assumptions A1-A5. If (uo, vo) So(g) with gl (uo, vo) O,
and at every iteration (1.15) is solved exactly, then GANconverges to the solution off(v) 0
and, furthermore, convergence is quadratic (Q-order 2).

Proof The proof will show that Assumptions A1-A3 hold for f(v) and that otk 0
as defined in (3.5)).

(A1) Let z So(f) {olllf(v)[I < IIf(vo)ll}, then by Property P1,

(4.13) IIg(h(z), z)ll IIf(z)ll IIf(vo)ll IIg(h(vo), vo)ll.

Thus, (h(z), z) So(g) and by Property P2, So(f) is bounded.
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 549

(A2) Since (h(z), z) So(g) for z So(f), we know that

(4.14) A < Ilxkll < klllg(h(Vk), Vk)ll klllf(vk)ll,

using Properties P1 and P2 where appropriate.
Define

(4.15) Sl(f) {v Ilvll < sup Ilwll-+klllf(vo)ll}.
wSo(f)

(A3) From AssumptionA5 g]-i (h(v), v) exists and is bounded. Note that S1 (f) C S02(gl)
and gl (h(v), v) 0 for v Sg(gl); thus

(4.16) (h(v), v) S0(gl) C Sl(gl).

These observations and Proposition 3.7 gives

(4.17) Ilf’(vl) f’(v2)ll < k2(1 + ksk3)211(h(Vl), Vl) r (h(v2), v2) r

for 1)1, 1)2 S1 (f).
By the triangle inequality and Property P1 it follows that

(4.18) [ h(vl) h(v2) 1 < IlVl v211 + IIh(v) h(v2)ll.
k U1 1)2 .J

Since bounded derivative implies Lipschitz continuous (see Theorem 3.2.4 [12]) and

(4.19) IIh’(v)ll II- g-{ll(h(v), v)g12(h(v), v)ll < ksk3,

we know that

(4.20) IIh(vl) h(v2)ll < kTIIVl v211.

for some k7.
Putting these results together gives

(4.21) IIf’(vl) f’(v2)ll < (k2(1 + ksk3)2(1 + kT))1101 v211 ksllVl v211.

Finally, since in the exact case AVk f,-’ fk, it follows that Ok O. Therefore, Proposition
3.1 and Theorem 3.2 hold for f(v). 71

5. Approximate NIEm. In an approximate Newton method, the Newton correction is
computed by

(5.1) MkXk --gk,

where Mk is an approximation of g. Convergence of this method is given by showing that
Ck < 1 in (3.5).

Recall that N1Em can be viewed as GAN applied to (1.11). The Otk for this nonlinear
system is

(5.2) Otk
Ilf(vk) + f’(v)Avll

IIf(v)ll
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550 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

In approximate N1Em, (1.15) and g (u, Vk) 0 are not solved exactly. Since the g system
is not solved exactly, the actual h(vk) is not computed at iteration k. Thus, verifying otk < 1
is impossible because the actual f and f’ are not computed. Denote by (v) the computed
approximation to h (v). Although h (v) was continuous and differentiable, h (v) may be neither.
In the remainder of this section we will use ffk, , lk, 2k, 11k, 12k, 21k, 22k to denote
g, g’, gl, g2, gll, g12, g21, g22, respectively, evaluated at (h(v), v). Recall that at each step
of N1Em, a linear system is solved. Define the residual of this solve in the approximate case
to be

(5.3) r g Av + "
In this section, a bound is given for the k in (5.2). This bound will allow us to show

that in the limit quadratic convergence is attainable if the g system and (1.15) are solved
accurately enough. The analysis of the convergence of approximate N1Em proceeds in two
stages. In the first stage, an expression is derived that bounds the k in (5.2) in tes of the
accuracy of solving the g system of equations, i.e., Ilgl II. In the second stage, the terms
of that expression are bonded in two ways with two theorems. The first theorem is existen-
tial, giving the conditions der wch approximate N1Em attains higher-order convergence.
These conditions are not verifiable. The second theorem gives computable conditions for
approximately deteining .

5.1. Bounding k.
LEMMA 5.1. Under the assumptions ofTheorem 4.2, the of(5.2) can be bounded by

llfl llgll ggl gl(h + s(h ), v) 11 (h )ds

+

+ll(g= - _
g21kgllkgl2k) (22k Vkg21glg) A

(5.4) +llr 21kkrlk II,

where we have partitioned rk into rlk, r2k corresponding to the blocking ofg.
Proof Recall that

(5.5)
Oekllfkll- otkllg2kll--11(g21kh’ -t-g22k)Avk -t-g2kll

(g22k -1g21kgllkg12k)AVk q- g2kll

where, from (5.3), AVk satisfies

(5.6) [ gllk 12k
g21, g22k

Auk
Ark ]q_[ lk rlk

That the ijk exist, for i, j 1, 2, and ffllk nonsingular follows from

(5.7) ((vt), Vk) So(g) C So(gl).

From (5.6) it follows that

(5.8)
Ark (22k ~-1 -1g21kgllkgl2k) (,2k 21k,-l:lk)

-1-(22k 21k711kff12k)-l (r2k ff21kff 711krlk)
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 551

We begin by deriving an inequality relating g2k in terms of 2k. Applying the mean value
theorem gives

(5.9)

Similarly, for gl,

(5.10)

0 glk lk -Jr- llk(h h)

"+" gll(f’/ + s(h it), Vk) llk (h [t)ds.

We derive an expression for g2k by solving for h t in the secondterm of (5.10) and substituting
into (5.9). The expression is given by

(5.11)

21k-k [gll(f/ + s(h -f’/), Uk) llk] (h -fl)ds

01-- [g21(f/ + s(h f-/), Uk) 21k] (h ’l)ds.

Inequality (5.4) is determined by substituting (5.8) and (5.11) into (5.5) and applying the
triangle inequality.

PROPOSITION 5.2. Under the assumptions of Theorem 4.2, the ofLemma 5.1 satisfies

(5.12)

cgllg2kll k2(1 + ksk3)2clllllllmvgll
k3 + ksk 2 2-- IIlkll + (1 + kaks)llrkll,

2

where c 1_o.
We preface the proof with a few remarks. Previously we noted the existence of ijk and

the nonsingularity of 11. The assumptions allow us to actually bound these quantities. That
is, IIij _< k3, i, j 1, 2, and I1-11k _< ks. Note also that

(5.13) (fl(Vk) -I- tkAUk, l)k -+- tkAVk) E Sl(g) C S0(gl).

Thus we may use Auk to generate a starting guess for the solution of gl (u, Vk + tkAVk). The
algorithmic implication of this point is that in the regime of quadratic convergence of (the
whole) g, N1Em need not do a solve of the g equations; they will already be small enough.
Finally, note that

(5.14) (h(Vk), Vl), ((Vk), Vl) So(g1);

thus

(5.15) ((v) + s(h(v) (v)), Ok) S1 (gl)

for 0 < s < 1 and therefore the Lipschitz condition holds along the line segment.
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552 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

Proof The proof proceeds by bounding each of the terms of (5.4). Expanding norms and
applying the Lipschitz condition to the first term in (5.4) yields

(5.16) ll2 ~-1 2
lkgllk gll(/ + s(h ), l)k) llk (h )dsll _< ks-llh 11

Similarly, the second term can also be bounded yielding

f0t[ ] k3 2(5.17) g21(/t 4- s(h it), vk) fi,21 (h [t)ds < llh 11

Applying Proposition 3.7 and Property P1 to the third term of (5.4), we get

-1(5.18) I1(g22 g21gllgl2) (22 21k]-11/12)]1 < k2(1 4- ksk3)21lh tll.
The fourth term is bounded by applying Properties P1 and P2 to note that

(5.19) Ilrz 21kfi,-{?krlk < Ilt-lllllrll,

where

[ , 0](5.20) L-- 21k]-1 I

Thus

(5.21) Ilr2k 2 ~-1lkglrlkll < (1 + k3ks)llrk[[.

Collecting (5.16) (5.21) gives

kllg2kll <_ k2(1 / ksk3)2[lh llll/Xvll
k3 + ksk(5.22) /--IIh 112 / (1 / k3ks)llrll.

2

Since h(v) is the root of the equation g (u, vk) with v fixed and the assumptions assure that
GAN converges from h(v), we may apply Proposition 3.3 to conclude that

(5.23) IIh ll < clllll.

Substituting (5.23) into (5.22) gives the desired result.

5.2. Convergence theorems. We continue by giving conditions for bounding the terms
of Otk in (5.12). Two theorems are presented. The first theorem gives the conditions under
which higher-order convergence can be expected; however, the result is existential. It is not
possible to verify the conditions computationally. The second theorem gives a method for
testing the size ofc computationally.

THEOREM 5.3. Under the assumptions ofProposition 5.2, ifconditions
CI" [Igl(t(vk), p)ll [Ig2(h(vg), Pk)ll, and
C2" [Irgll < IIg2(h(vg), Ok)l[ (I+p)

hold, then

(5.24)

otk [Ig2k (1 + k3ks)IIg2k +p

4- (2klk2(1 4- ksk3)2Cl 4-
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 553

where

k3 2 2(5.25) I111 < (1 -t-kscl)llg2ll + - llgzll

Proof The theorem follows from Proposition 5.2 by bounding the quantities IIlll,
zXv II, and 2 II. The bound for lk is given by condition C 1.

By Assumption A2 we know that

(5.26) Au:
Av ] < kl IIT II.

Applying Properties P1 and P2 and condition C1 it follows that

(5.27)

All that remains is to bound IIT2 II. We apply the mean value theorem to give

f01 [ ](5.28) 2k g + g;(h + s(t h), v) it -d h ds.

Following the methodology that led to inequality (5.17) and applying the triangle inequality
and (5.23) gives

(5.29) k3
IITzll IIg211 + ksclllTlll + c211111.z-

Finally, applying condition C 1 yields the inequality (5.25).
Neither condition C1 nor C2 are verifiable. The following theorem gives conditions that

are verifiable.
THEOREM 5.4. Under the assumptions ofProposition 5.2, ifconditions
Cla: the gl equation is solvedfor [t(v) so that Ilgl(/t(v,), v)ll _< IIg2((v), v)ll, and
C2a: IIrll <_ IIg2(/t(v), o)ll (I+p

hold, then

oe IIg= (1 + k3k)IIh l+p

( k3nt-ksk )(5.30) + 2klk:(1 -+-ksk3)2c1 nt- TCl I1=11 =.

The proof of Theorem 5.4 follows directly from the proof of Theorem 5.3. The intention
of Theorem 5.4 is twofold. First, if IIb. is small enough, then at the very least c < 1
and, therefore, the method is converging (cf. Proposition 3.1). Second, in the limit when
IIr _< I1 =, quadratic convergence is attained.

Note that in the statement of Theorem 5.4 we write that g should be solved so that
Ilgl(h(o), v)ll < IIg2(h(v), o)11. Unfortunately, this inequality can only be checked after
a function evaluation is done to determine g2(h(vt), v). To avoid having to recompute g9.

every time a new h(v) is generated, i.e., after every iteration of GAN on the g system, we
suggest that gl be solved so that Ilgl((v,), v)ll < Ilgz(/t(vn-1), V-l)ll z.

COROLLARY 5.5. Under the conditions of Theorem 5.4, with p 1, if Cla is replaced
with

Ilgl((o), v)ll- O(llg2(t(V-l),
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554 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

then when Ilg2(ft(Vk-1), Vk-1)ll is sufficiently small, i.e., close enough to the root, the conver-
gence ofthe method is quadratic.

Proof. The proof follows from Theorem 3.2 with the observation that sufficiently close
to the root

(5.32) IIg2(ft(o,), )11 O(llgE(ft(v,-1), v,-1)l12),

and therefore condition C1 holds.

5.3. Accuracy requirement for gl system. As pointed out in 2, inaccuracies in com-
puting fk cause a practical problem in the solution process. Even if the seemingly fortuitous
inequality

(5.33) IIg2((v), v)ll < IIf(v)ll

holds, there might not be any tk such that

(5.34) Ilg2(h(Vk+l), v/)ll < llg2(h(v), v)ll.

Algorithmically, failure to satisfy equation (5.34) for a given choice oft leads to two options.
The first is to keep trying smaller tk ’s. The second is to go backto the previous iteration because
the g system was not solved accurately at that point. This section gives an approximate
formula for determining whether 11111 is close enough to zero to make ll2/lll < 112kll a
possibility. Satisfying this formula will give the user confidence that a norm reduction will
eventually occur for t small enough.

PROPOSITION 5.6. Recall f =-- g2(h(v), v). Define to be an approximation of fk.
Let

(5.35) 3 A A II.

IfO < k, tk+l < 1, and Ilf+lll xlI3]l,/Zl < 1, then

(5.36) A+II _< tz2 A II,

where

(1 +k)
(5.37) /z2 A z A II.1

Proof. We have

(5.38)
113 All +

/xkllfkll + xllAII (1 + k)llAII;

adding fk+ fk/ to both sides gives

(5.39)

solving for f+111 gives

(5.40)
(1

IIf+lll </Zl I tk+111fll.
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AN ANALYSIS OF APPROXIMATE NONLINEAR ELIMINATION 555

NIEm (/, W tol, MAX)/* at the outer level, 1 */

4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.

if gl consists of no equations, return.
NIEm(/+ 1, el+l(wl), tol_l, MAX_l)
Note that this call to N1Em changes the WTM unknowns.
k O, wlo Wl
while ((llgl(wl)ll > tot) and (k < MAX))

compute x
repeat

choose a tk
1)+1 Wlk -- kX

NIEm(I + 1, el+l(l+l), tolk, MAXk)
until (11 gl (t+1) < 0 gl (Wlk)ll) or t i8 too small
if t is too small, return with w unchanged

+ 1,
if (k > max) return with w unchanged
return with w wl

Fro. 5. A detailed view ofthe NlEm algorithm.

For our purposes we will assume that there is some/x2 we wish to achieve. We compute
a candidate f+l, yielding a/Zl. We are then able to determine if/z2 is achievable. Recall
from (5.11) and subsequent analysis that

(5.41) 112 g2ll < CIIh 112 + 1121-111 II.

An estimate for a can be obtained by dropping the C h -/t 2 term. Hence

(5.42) - 21-111
112 21k-klkll

where the denominator is an O(llh tll 2) approximation for gE(h(l)k), Vk).

6. Implementation details. While the outline of N1Em given in 2 is sufficient for a
programmer to generate a piece of code, we have noticed certain improvements that make
the transition from N1Em back to GAN transparent. Thus, in this section we present a more
detailed algorithm and address certain issues raised in 5.

The algorithm in Figure 5 is a recursive algorithm that allows N1Em to be performed on
more than two levels; i.e., N1Em is used to solve the g equations. One place we view this as
a possibility is on a system of nonlinear PDEs. The g equation at one level might be one or
more of the PDEs, while the g equation at the next level might be the equations associated
with some of the grid points. While we believe this to be a case where nested N1EM might be
useful, we have not actually implemented N1Em for this problem.

Define by gl the set of equations associated with level I. g is the full set of equations.
Define pl+l to be a projector function that, when applied to the variables w (the variables
associated with level l), returns wl+1.

There are several interesting points about this routine.
1. If g2 consists of no equations then the code above is GAN.
2. Notice that after computing x, all of t+ is updated. When the answer is close

enough to the root that GAN is in the regime of quadratic convergence, the call
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556 P.J. LANZKRON, D. J. ROSE, AND J. T. WILKES

to NIEm at the next step will (if the tolk is chosen reasonably) return doing no
computation. Thus, the transition from N1Em back to GAN is achieved with just the
cost of an extra function call.

3. We make tolk smaller and MAXg bigger as t, decreases. As pointed out in 5 there
is a problem with determining whether norm reduction fails because t, has not been
made small enough, or if the g equations were not solved accurately enough at the
previous level. While solving the g equations more accurately at this level does not
help the problem of failure at the moment, we have more confidence that it will not
be a problem on the next iteration.

4. The maximum number of N1Em iterations needs to be set carefully. MAX_I should
be set very high so that N1Em does not give up too early trying to solve them. On the
other hand MAXk should be set to a small level (increasing as tk decreases). Long
periods oftime should not be spent trying to get solutions for t’s when some smaller
tk will get an answer faster. We know that the answer can be found for some smaller
t since the u from the previous iteration can be used if tg is sufficiently close to 0.

5. It is sometimes the case that g2 is not known before beginning. In that case g2 would
be calculated before the initial call to NIEm. It is important that g2 not be changed
after this. If for some reason the user does wish to dynamically change g2, it is
important to check that after the initial call to NIEm there has been a norm reduction.
If this is not done, thrashing can occur and the code will not terminate.

7. Examples. In this section we give examples showing the performance of N1Em. The
first two examples demonstrate how N1Em is used for a system of nonlinear equations arising
from the discretization of an ODE. The first example shows that N1Em can improve perfor-
mance on a problem where grid refinement might otherwise have been used. That is, the user
would recognize that most of the action is taking place at some set of points and the rest of the
domain is quiescent. Instead of gridding the domain differently, a fine uniform grid is used,
and more computation is done on the points of interest. The cost of the algorithm is improved
by five times. The second example shows how N1Em can be used to solve problems where
too few grid points are used. When too few grid points are used, the steep valleys as seen in

2 sometimes occur. N1Em can be used on the "bad" grid points giving results where GAN
fails. The third example is a simple 2-D semiconductor device. By eliminating two of the
PDEs, we get convergence with an example that would not converge using GAN.

7.1. Elimination by grid 1. Consider the nonlinear boundary value problem given by

-u"+u+ 4(x 0"5)2
-2x 10.4 u-lff’e-t-i- =0,

10
(7.1) u(O) =0, u(1) =0.

This has the solution

(7.2) u(x)-- 103e-)2

The action in this problem is around x 0.5, where a large spike occurs.
We give a few details about this example using 100 discretized equations. An initial

guess for U l... U l00 is made. The gl system is the discretized equations 49-52. Using the
initial guess for u48 and u53 as fixed values, the nonlinear subsystem gl is solved to a very
high accuracy (e.g., 10-12 for the norm of the residual). Following this initial solve of the
g system, the main loop begins. The entire system g is evaluated at the new point; that is,
Ul u48 and u53 Ul00 are unchanged and/’/49 bt52 have the values just computed. The
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TABLE
Comparison ofNlEm to GANfor example given in 7.1. "Points" refers to the number ofgrid points in the

domain. "its" refers to the number ofiterations required. The gridpoints between LEFTand RIGHTare in gl.

Points GAN time GAN its N1Em time NIEm its LEFT RIGHT
100 0.15 10 0.03 5 48 53
500 1.47 10 0.17 5 240 261
1000 2.81 10 0.32 5 480 521
5000 10.7 10 1.66 5 2400 2601

Jacobian is computed and the Newton equations are solved, giving the update vector Au. Then
a damping parameter is chosen, and u48 + Au48 and u53 + Au53 are computed. These
are used as fixed values in the g solve, as above, except that the accuracy of the solution is
relaxed, to say (llgll/llgil[)2, where gi is the residual at the initial guess. Although we
used the damping parameter to control the accuracy, any function of can be used that shows
similar behavior; i.e., the accuracy requirement is increased for smaller and is relaxed when t
approaches 1. This ensures that as the regime of quadratic convergence is approached, few (if
any) iterations of Newton’s method on equations 49-52 are required. The main loop repeats
when a damping parameter is chosen so that a norm reduction for the whole g has occurred
following the gl solve.

In Table 1 we see that N1Em runs about five times faster than GAN. It is so much faster
because in the first few iterations of GAN, very small values of the damping parameter are
required. The very small damping parameters mean that the function must be evaluated many
times. N1Em also has touse small values for the damping parameter for the g equations, but
performing a large number of function evaluations on four percent of the points is not very
costly.

7.2. Elimination by grid 2. Consider the nonlinear boundary value problem given by

-u" + t(x)u’ + u3eu + k(x) O,
u(0) -0, u(1) =0,

9 x-0.5,2 { -01606(7.3) c(x) 10 e-t--) v/Ix- 0.51 k(x) x < 0.5,
x >_ 0.5,

where u’ is discretized using central differences. Fifty grid points were used on this problem;
but because central differences were used, this was not enough grid points. Using the same
code as in the previous example, the computed solution under these circumstances shows
ringing around 0.5. GAN is unable to solve this problem. N1Em solves the problem in 17
iterations. Both methods solve the problem when more grid points are used.

7.3. Example from semiconductor device simulation. One of the areas in which we
have been directing the application of this method is semiconductor device simulation [9].
N1Em was implemented in the semiconductor device simulator SIMUL 11]. In the example
presented here, the equations take the form

(7.4) V" (e V u) + n p + N 0,

(7.5) Jn q- Rn (n, p) O,
(7.6) Jp + Rp(n, p) O,

where u, n, and p are functions in space (for the example we present here, (x, y) 6 2), e
and N are spatially related constants, Jn and Jp are electron and hole current densities, and
Rn and Rp are recombination terms.
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gate
source Oxide drain

1.0" 10"* 18 y
__

1.0" 10"* 18

-1.0"10"’16

substrate

FIG. 6. NMOS transistor. The numbers represent the background dopings ofthe N and P regions.

These steady state equations are usually solved using GAN. Under certain circumstances
GAN fails to converge or converges too slowly. In these cases, other methods are employed to
generate a good initial guess so that GAN converges well. These methods include nonlinear
Gauss-Seidel and continuation in the boundary conditions. In nonlinear Gauss-Seidel each
equation is solved in turn using the most recent values for the other variables as constants.
Sometimes nonlinear Gauss-Seidel also fails in which case continuation in the voltage at the
contacts is employed.

The example given in Figure 6 is anNMOS transistor. The voltages at the various contacts
are source=0, gate 1, substrate=0, and drain= 1 volts. The problem was originally solved using
a combination of nonlinear Gauss-Seidel and continuation in 235 seconds. When the system
is solved with N1Em, with the g equations being the electron and hole continuity equations,
the solution time is 36 seconds. Other choices for the g equations did not perform as well.
In the experience of the author of SIMUL, choosing electron and hole continuity equations to
be g works in many cases. We also point out that when the problem is easy, e.g., for drain
voltage of 0.1 volts, N1Em takes longer than GAN. We reiterate that N1Em should be used in
cases where GAN is having difficulties.

Acknowledgment. We are indebted to Stephan Miiller for implementing N1Em in the
semiconductor device simulation package SIMUL and for patiently helping the authors find
an interesting example. We also thank Wolfgang Fichtner for allowing us to spend time with
his student.
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